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0 gh
����	�
�	
� Wigner �Æ, �����:

wt + (v · ∇x)w −Θ�[V ]w = 0, V = K(x) ∗x ρ(t, x), t ≥ 0, (1)

�� K  Hartree �, � � Planck ��, ρ =
∫
Rn

v
w(t, x, v)dv ���	����. ����

w = w(t, x, v) �� t (≥ 0) ���� x ∈ R
n ���� v ∈ R

n 	��	�����. ����
V ������� Θ�[V ]w  !� w(t, x, v), ������ [14, 16−17]:

Θ�[V ]w(t, x, v) =
i

(2π)3�

∫
Rn

∫
Rn

δV (t, x, η)w(t, x, v′)ei(v−v′)ηdv′dη,

δV (x, η) = V

(
x+

�η

2

)
− V

(
x− �η

2

)
.

(2)

�"�� Hartree �����	�#, $��
K(x) =

λ

|x|α , λ ∈ R, α ∈ (0, n). (3)

���, ��% (1)–(3)  &����!�"	�	'#�� (%):

(i) Hartree �Æ:

i�ψt(t, x) = −�
2

2
Δψ(t, x) + V (t, x)ψ(t, x), x ∈ R

n,

V (t, x) =
λ

|x|α ∗x ρ(t, x), 0 < α < n.

(4)
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���, '0�-�1.2�	 Hartree �Æ3(/)24�, � [9, 19] *. +051,!
-6	Æ�� ψ(t, x) � Hartree 5.78 [12, 24] 9:�	�/;0��. Æ�� ψ(t, x) 	

Wigner 12�

w(t, x, v) =
1

(2π)n

∫
Rn

ψ

(
t, x− �

2
y

)
ψ

(
t, x+

�

2
y

)
eiv·ydy, (5)

�� ψ  ψ 	-3<. 23 Wigner 12 (5)  !� Hartree �Æ (4), ��4�4=56
w(t, x, v) 5>
� Wigner ��% (1)–(3), 6?4�477 [18, 25].

(ii) Wigner-Poisson (WP) ��: @88, 9 n ≥ 3, α = n− 2 �, (1)–(3) A1:!9; WP

��. :; , 3B/)C<4<�2=1.2=�> WP ��>D!�EC<, �: ?@/

�A77 [6, 13], FB?C@AGD?C@�/HE	FG?C�A�B77 [1, 3, 16–17]; HI

C	�A77 [11, 23].

J� K<�I	=�DE��J�05F��	G.�H. >� WP KL	C<, L2
x,v

@/��IJM8	NO, P� WP �Æ	Q-� L2
x,v LK	, 77 [4, 18]. 8L, �MMB

>�NON	P, QO�R@/RP8������ ρ. PR, SQ	 L2 @/

X = L2(Ω; (1 + |v|2)2dxdv), Ω ⊂ R
6

(R��ST�TUV	;5UW, � [16–17]. ���, V� δV ∈ L∞, ΔV = ρ � ‖V ‖H2 ≤
‖ρ‖L2 ≤ C‖w‖X , QVST.78U Θ�[V ]w � X ��BCXW Lipschitz YV	.

1 ijkl
��WZ�C<��% (1)–(2) �X6

w(0, x, v) = w0(x, v) (6)

�	�28Q. YRP8X, ��3[\
� Wigner �Æ mild ]	XWZ�Y�8=FXW
mild ]	[^RA. 65Z	�, [_QO\]\- [16–17] 	UW. 6?L], �", 
�
Wigner �Æ���^ δV Q^`� L∞; ��, >�
� Wigner �Æ�.78U Θ�[V ]w, QO

� X �56	_� [16–17] �	"S_4, P� ΔxV 	= ρ. PR, >
� Wigner �ÆL],

`a�Eb	�I`6, �� Wiener a���a Hartree �*.

��� La
x(L

b
v)  Lebesgue @/ La

x(R
n, Lb

v(R
n)), bccd�

‖f‖La
x(L

b
v)

=
∥∥‖f‖Lb

v(R
n)

∥∥
La

x(R
n)

=

[∫
Rn

(∫
Rn

|f(x, v)|bdv
) a

b

dx

] 1
a

. (7)

d�! Lr
x,v  Lr

x(L
r
v) = Lr

x(R
n, Lr

v(R
n)), La

v(L
b
x)  La

v(R
n, Lb

x(R
n)). bce� [2, 9,

15], >�X6KL (1)–(2) � (6), Wiener a��fd	. Wiener a�$e Fourier a�, ���
��:

W = {f ∈ S ′(Rn
x) : F−1[f ] ∈ L1(Rn)},

bccd� ‖f‖W = ‖F−1[f ]‖L1 , �� F−1[f ] � Fourier f12, ����

F−1[f ] =
1

(2π)n

∫
Rn

η

f(x)eix·ηdη.
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! W (L1)  W (Rn
x , L

1(Rn
v )), bccd�

‖f‖W (L1) =
∥∥‖f(t, x, · )‖L1

v(R
n)

∥∥
W

=
∥∥F−1

x→z

[‖f(t, x, · )‖L1
v(R

n)

]∥∥
L1

z(R
n)
. (8)

��	g�Ihi4=(1T����..

mn 1.1 N 0 < α < n, A>jI w0 ∈ L1
x,v ∩ W (L1), �Æ (1)–(3) � (6) Z�Y�

mild ] w ∈ C([0, tmax), L
1
x,v ∩ W (L1)). >�N, >� mild ]	g�[^�/ tmax < ∞,

limt→tmax sup ‖w(t)‖L1
x,v∩W (L1) = ∞ :\	hafi� ∫ tmax

0
‖w(s)‖W (L1)ds = ∞.

gj���h�i�#	 Hartree�, $��X, K(x) Q^j (3) k�, L�5>� Fourier

f12�Jk@/4lm4.

mn 1.2 N B � R
n �	]�k, F−1K(ξ)|B ∈ Lm (1 ≤ m ≤ ∞), F−1K(ξ)|Rn\B ∈ L∞.

(i) 9 m = 1 � w0 ∈ L1
x,v ∩W (L1), A�Æ (1)–(2) � (6) BY� mild ] w ∈ C([0, tmax),

L1
x,v∩W (L1)). >�N,>�mild]	g�[^�/ tmax <∞, limt→tmax sup ‖w(t)‖L1

x,v∩W (L1) =

∞ :\	hafi� ∫ tmax

0 ‖w(s)‖W (L1)ds = ∞.

(ii) 9 m = ∞ � w0 ∈ Lp
x,v ∩W (L1) (1 ≤ p ≤ ∞), A�Æ (1)–(2) � (6) BY� mild ]

w ∈ C([0, tmax), L
p
x,v ∩W (L1)).

(iii) 9 1 < m < ∞ � w0 ∈ Lm
x,v ∩ L1

v(L
m
x ) ∩W (L1), A�Æ (1)–(2) � (6) BY� mild ]

w ∈ C([0, tmax), L
m
x,v ∩ L1

v(L
m
x ) ∩W (L1)).

mn 1.3 B � R
n �	]�k, F−1K(ξ)|B ∈ L1, F−1K(ξ)|Rn\B ∈ Lm (1 ≤ m ≤ ∞).

(i) 2 m = 1, w0 ∈ Lp
x,v ∩ L1

x,v (1 ≤ p ≤ ∞), A�Æ (1)–(2) � (6) BY� mild ]

w ∈ C([0, tmax), L
p
x,v ∩ L1

x,v).

(ii) 2 m = ∞, w0 ∈ L1
x,v ∩W (L1), A�Æ (1)–(2) � (6) BY� mild ] w ∈ C([0, tmax),

L1
x,v ∩W (L1)).

(iii) 2 1 < m < ∞, w0 ∈ Lm
x,v ∩ L1

v(L
m
x ) ∩ L1

x,v, A�Æ (1)–(2) � (6) BY� mild ]

w ∈ C([0, tmax), L
m
x,v ∩ L1

v(L
m
x ) ∩ L1

x,v).

mn 1.4 B � R
n �	]�k, F−1K(ξ)|B ∈ Lα, F−1K(ξ)|Rn\B ∈ Lβ (1 < α, β < ∞).

2 w0 ∈ Lp
x,v ∩ L1

v(L
α
x) ∩ L1

v(L
β
x) (1 ≤ p ≤ ∞), A�Æ (1)–(2) � (6) BY� mild ] w ∈

C([0, tmax), L
p
x,v ∩ L1

v(L
α
x) ∩ L1

v(L
β
x)).

o 1.1 ���, 5>�. 1.2–1.4�ON	 K(x) �Z�	, 77 [5, 12],�lm	 Yukawa

��
K(x) =

e−λ|x|

|x|n−2
, x ∈ R

n, n ≥ 3, λ > 0.

6?L], � Fourier f12�

F−1K = F−1[e−λ|x|] ∗ F−1[|x|2−n] =
c1λ

(λ2 + | · |2)n+1
2

∗ c2
| · |2 .

@8 c1λ

(λ2+|·|2)n+1
2

∈ L1. PR, j Young Q*l56

‖F−1K‖Lr ≤
∥∥∥∥∥

c1λ

(λ2 + | · |2)n+1
2

∥∥∥∥∥
L1

∥∥∥∥ c2
| · |2

∥∥∥∥
Lr

≤ C

∥∥∥∥ c2
| · |2

∥∥∥∥
Lr

.
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>�NO56 F−1K|B ∈ Lr1 ,F−1K|Rn\B ∈ Lr2 , �� 1 ≤ r1 <
n
2 < r2 ≤ ∞.

o 1.2 V��. 1.1–1.2 	TmUW, nT�. 1.3–1.4. PR��3nWJ�Tm.

2 po
9 K(x) 5> (3) l�, ��3� Wiener a��[\Jk.78U Θ�[V ]w 	"S_4.

�"Dp�� Wiener a�	�E\a8Q. ���, Wiener a� W � W (L1) 6B��8Q,

77 [8, 10].

qn 2.1 W �W (L1)n� Banach@/. d�,>oZ f, g ∈ W ,B ‖fg‖W ≤ ‖f‖W‖g‖W .

J� [\.78U Θ�[V ]w 	�E"S_4. Z6 Θ�[V ]w 4=q:Ypo	#l [2, 7]

Θ�[V ]w =
i

�
F−1

η→v[δV Fv→η[w]] =
i

�
(F−1

η→v[δV ] ∗v w), (9)

�� ∗v ��� v qlpq. Fv→η ���1- v 	 Fourier 12, F−1
η→v ��f12, b�B

����:

Fv→η[f(x, · )](η) =
∫
Rn

f(x, v)e−iv·ηdv, F−1
η→v[g(x, · )](v) =

1

(2π)n

∫
Rn

η

g(x, η)eiv·ηdη.

V�R, [\��rrr..

qn 2.2 N K(x) 5> (3) l, AZ� C > 0 s5

‖Θ�[V ]w‖L1
x,v

≤ C(‖w‖L1
x,v

+ ‖w‖W (L1))‖w‖L1
x,v
, (10)

‖Θ�[V ]w‖W (L1) ≤ C(‖w‖L1
x,v

+ ‖w‖W (L1))‖w‖W (L1). (11)

rs t! (9) l@Fourier 12	8Q@Young Q*l=F Hölder Q*l56

‖Θ�[V ]w‖L1
x,v

≤ C‖F−1
η→v[δV ] ∗v w‖L1

x,v

≤ C
∥∥‖F−1

η→v[δV ]‖L1
v
‖w‖L1

v

∥∥
L1

x

≤ C
∥∥F−1

η→v[δV ]
∥∥
L∞

x (L1
v)
‖w‖L1

x,v

≤ C
∥∥i�(e2ix·vF−1

η→v[V ](2v))
∥∥
L∞

x (L1
v)
‖w‖L1

x,v

≤ C‖F−1
η→v[V ](2v)‖L1

v
‖w‖L1

x,v

≤ C

∥∥∥∥ 1

| · |n−α
F−1ρ( · )

∥∥∥∥
L1

‖w‖L1
x,v
,

�� �(z) -� z = a + ib 	sW ib. �!�s, u k(x) = 1
|x|n−α = k1 + k2, �� k1 =

k(x)||x|≤1, k2 = k(x)||x|>1. t k1 ∈ Lp(Rn),�� p ∈ [1, n
n−α ); k2 ∈ Lq(Rn),�� q ∈ ( n

n−α ,+∞].

>�N, t! Hölder Q*l56

‖k1F−1ρ‖L1(B) ≤ C‖k1‖L1(B)‖F−1ρ‖L∞(B) ≤ C‖F−1ρ‖L∞(Rn) ≤ C‖ρ‖L1(Rn),

�� B � R
n �	]�k. dt8, >� R

n \B B

‖k2F−1ρ‖L1(Rn\B) ≤ C‖k2‖L∞(Rn\B)‖F−1ρ‖L1(Rn) ≤ C‖ρ‖W ≤ C‖w‖W (L1).
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PR,

‖Θ�[V ]w‖L1
x,v

≤ C(‖w‖L1
x,v

+ ‖w‖W (L1))‖w‖L1
x,v
.

	_8B
‖Θ�[V ]w‖W (L1) ≤ C‖F−1

η→v[δV ] ∗v w‖W (L1)

≤ C
∥∥‖F−1

η→v[δV ]‖L1
v
‖w‖L1

v

∥∥
W

≤ C
∥∥F−1

η→v[δV ]
∥∥
L∞

x (L1
v)
‖w‖W (L1)

≤ C(‖w‖L1
x,v

+ ‖w‖W (L1))‖w‖W (L1). �

3 tu 1.1 vwx
�v3t!Quv.i[\X6KL (1)–(3) � (6) 	 mild ]	Z�Y�8=F[^RA.

�R, u T > 0, ���� Banach @/

YT = {w ∈ C([0, T ], L1
x,v ∩W (L1)), w(t = 0) = w0}, (12)

bccd�
‖w‖YT = sup

t∈[0,T ]

‖w(t)‖L1
x,v

+ sup
t∈[0,T ]

‖w(t)‖W (L1). (13)

���, X6KL (1)–(3) � (6) 4=u0:��l���:

w(t, x, v) = U(t)[w0] +

∫ t

0

U(t− s)[(Θ�[V ]w)(s)]ds, ∀(x, v) ∈ R
2n, (14)

�� U(t)[f(x, v)] = f(x− tv, v), 6?7� [20, 22]. d����I YT 	BCw�@/
Y K
T = {w ∈ YT : ‖w‖YT ≤ K, w(t = 0) = w0}, (15)

�vw Ψ : Y K
T �→ YT ,

Ψ[w(t)] = U(t)[w0] +

∫ t

0

U(t− s)[(Θ�[V ]w)(s)]ds. (16)

>�h�w	 T , 4=ST Ψ � Y K
T �	xCyzvw, >�N56 (14) XW]	Z�Y�8.

mn 1.1 yrs �"Z6 Ψ �d�	. ���, j [20, 22] B

‖U(t)[w0]‖L∞
t (L1

x,v)
≤ ‖w0‖L1

x,v
,

∥∥∥∥
∫ t

0

U(t− s)[Θ�[V ]w]ds

∥∥∥∥
L∞

t (L1
x,v)

≤ C‖Θ�[V ]w‖L1
t (L

1
x,v)

,

��

‖f‖Lr
t(L

p
x,v) =

⎧⎪⎨
⎪⎩
[∫ T

0

‖f(t, x, v)‖rLp
x,v

dt

] 1
r

, 1 ≤ r <∞;

supt∈[0,T ] ‖f(t, x, v)‖Lp
x,v
, r = ∞.

x��", xyl��� (16) B φ(x, t) �
∫
Rn

v
Ψ[w]dv ≤ φ1(x, t) + φ2(x, t), ��

φ1 =

∫
Rn

v

|U(t)[w0]|dv =

∫
Rn

v

|w0(x − tv, v)|dv,

φ2 =

∫ t

0

∫
Rn

v

|U(t− s)[(Θ�[V ]w)(s)]|dvds =
∫ t

0

∫
Rn

v

|(Θ�[V ]w)(s, x − (t− s)v, v)|dvds.
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j Fourier 12	8Q56

‖φ1‖W ≤ C

∥∥∥∥F−1
x→z

∫
Rn

v

|w0(x− tv, v)|dv
∥∥∥∥
L1

z

≤ C

∥∥∥∥
∫
Rn

v

|eitv·z|F−1
x→z|w0|dv

∥∥∥∥
L1

z

≤ C‖w0‖W (L1)

�

‖φ2‖W ≤ C

∫ t

0

∥∥∥∥F−1
x→z

∫
Rn

v

|(Θ�[V ]w)(s, x − (t− s)v, v)|dv
∥∥∥∥
L1

z

ds

≤ C

∫ t

0

∥∥∥∥
∫
Rn

v

|ei(t−s)v·z|F−1
x→z|Θ�[V ]w|dv

∥∥∥∥
L1

z

ds

≤ C

∫ t

0

‖w(s)‖W (L1)(‖w(s)‖L1
x,v

+ ‖w(s)‖W (L1))ds.

PR,

‖Ψ[w]‖YT ≤ CT

(
‖w0‖YT + ‖w‖YT

∫ t

0

‖w(s)‖L1
x,v∩W (L1)ds

)

≤ CT ‖w0‖YT + CTK

∫ t

0

‖w(s)‖L1
x,v∩W (L1)ds.

{�, >�h�w	 T , Ψ �v Y K
T 6Mz	5w.

�!Tmyz8, > w1, w2 ∈ Y K
T y`a_4 ‖Ψ[w1]−Ψ[w2]‖YT . j�

V [w1 − w2] =
λ

|x|α ∗x (ρ1 − ρ2),

Ψ[w1]−Ψ[w2] =

∫ t

0

U(t− s)([Θ�[V [w1]]w1]− [Θ�[V [w2]]w2])(s)ds

=

∫ t

0

U(t− s)([Θ�[V [w1]](w1 − w2)] + [Θ�[V [w1 − w2]]w2])(s)ds

� ∥∥∥∥
∫ t

0

U(t− s)[Θ�[V [w1]](w1 − w2)]ds

∥∥∥∥
L∞

t (L1
x,v)

≤ C‖Θ�[V [w1]](w1 − w2)‖L1
t (L

1
x,v)

,

∥∥∥∥
∫ t

0

U(t− s)[Θ�[V [w1 − w2]]w2]ds

∥∥∥∥
L∞

t (L1
x,v)

≤ C‖Θ�[V [w1 − w2]]w2‖L1
t (L

1
x,v)

,

56

‖Ψ[w1]−Ψ[w2]‖L1
x,v

≤ C

∫ t

0

(‖Θ�[V [w1]](w1 − w2)‖L1
x,v

+ ‖Θ�[V [w1 − w2]]w2‖L1
x,v

)
ds

≤ CK

∫ t

0

(‖w1 − w2‖L1
x,v

+ ‖w1 − w2‖L1
x,v∩W (L1)

)
ds,
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‖Ψ[w1]−Ψ[w2]‖W (L1) ≤ C

∫ t

0

(‖Θ�[V [w1]](w1 − w2)‖W (L1) + ‖Θ�[V [w1 − w2]]w2‖W (L1)

)
ds

≤ CK

∫ t

0

(‖w1 − w2‖W (L1) + ‖w1 − w2‖L1
x,v∩W (L1)

)
ds.

>�N,

‖Ψ[w1]−Ψ[w2]‖YT ≤ 3CK

∫ t

0

‖w1 − w2‖L1
x,v∩W (L1)ds ≤ 2CKT ‖w1 − w2‖YT .

N{d9	 K � T , 4=56 Ψ 	yz8. PR|BY�	Quv ($��X, >�h�w	
T > 0, l��� (14) BY� mild ]�+]K} w0 B�).

z tmax � mild ]	g{Z��/. j [21], X|6KL (1)–(3) � (6) BY� mild ]

w ∈ L1
x,v ∩W (L1). >�oZ t < tmax, + mild ]$5>l��� (14). >�N, 2 tmax < ∞,

AB
lim

t→tmax

‖w‖L1
x,v∩W (L1) = ∞.

	_8B

‖w(t)‖L1
x,v∩W (L1) ≤ C‖w0‖L1

x,v∩W (L1) + C

∫ t

0

(‖w(s)‖L1
x,v

+ ‖w(s)‖W (L1))‖w(s)‖L1
x,v∩W (L1)ds.

x��", j� δV (x, η) (| (2) l) �� η �}��, t
∫
Rn Θ�[V ]wdv = 0. PRBYV��

∂

∂t
ρ(t, x) = −divxj(t, x),

�� ρ(t, x) =
∫
Rn w(t, x, v)dv, j(t, x) =

∫
Rv
vw(t, x, v)dv �B������}F����. j

[2] � ρ ≥ 0, >�N, ‖ρ‖L1 = ‖ρ0‖L1, ‖w(t)‖L1
x,v

≤ ‖w0‖L1
x,v

. PR, j Gronwall Q*lB

‖w(t)‖L1
x,v∩W (L1) ≤ C‖w0‖L1

x,v∩W (L1) exp

(
C‖w0‖L1

x,v
t+

∫ t

0

‖w(s)‖W (L1)ds

)
.

2 tmax <∞, �

lim
t→tmax

sup ‖w(t)‖L1
x,v∩W (L1) = ∞,

AB
lim

t→tmax

exp

(∫ t

0

‖w(s)‖W (L1)ds

)
= ∞,

mB ∫ tmax

0
‖w(s)‖W (L1)ds = ∞. x��", 9 tmax <∞, �

∫ tmax

0

‖w(s)‖W (L1)ds = ∞,

2B
lim

t→tmax

sup ‖w(t)‖L1
x,v∩W (L1) <∞,
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AZ� M > 0 s5 ‖w(t)‖L1
x,v∩W (L1) ≤M >oZ	 t ∈ [0, tmax] :\, m

‖w(t)‖L1
x,v∩W (L1) = ‖w(t)‖L1

x,v
+ ‖w(t)‖W (L1) ≤M, ∀t ∈ [0, tmax].

@8B ‖w(t)‖W (L1) ≤M , ∀t ∈ [0, tmax]. PR
∫ tmax

0

‖w(s)‖W (L1)ds ≤Mtmax <∞,

[} ∫ tmax

0 ‖w(s)‖W (L1)ds = ∞ ~~. t

lim
t→tmax

sup ‖w(t)‖L1
x,v∩W (L1) = ∞.

{�, >� mild ]	g�[^�/ tmax < ∞, limt→tmax sup ‖w(t)‖L1
x,v∩W (L1) = ∞ :\	ha

fi� ∫ tmax

0 ‖w(s)‖W (L1)ds = ∞. �

4 tu 1.2 vwx
�", >�Y��	� K(x), `a[\Jk.78U Θ�[V ]w 	"S_4.

qn 4.1 N B � R
n �	]�k, F−1K(ξ)|B ∈ Lm (1 ≤ m ≤ ∞), F−1K(ξ)|Rn\B ∈ L∞.

(i) 9 m = 1, A ‖Θ�[V ]w‖L1
x,v∩W (L1) ≤ C‖w‖2L1

x,v∩W (L1).

(ii) 9 m = ∞, A ‖Θ�[V ]w‖Lp
x,v∩W (L1) ≤ C‖w‖W (L1)‖w‖Lp

x,v∩W (L1) (1 ≤ p ≤ ∞).

(iii) 9 1 < m <∞, A

‖Θ�[V ]w‖Lm
x,v∩L1

v(L
m
x )∩W (L1) ≤ C‖w‖Lm

x (L1
v)∩W (L1)‖w‖Lm

x,v∩L1
v(L

m
x )∩W (L1).

rs 	_�r. 2.2, (i) :\. >� (ii), u F−1K ∈ L∞(Rn), AZ� C > 0 s5

‖Θ�[V ]w‖Lp
x,v

≤ C‖w‖W (L1)‖w‖Lp
x,v
, ‖Θ�[V ]w‖W (L1) ≤ C‖w‖2W (L1). (17)

���, ��~J4�B
‖Θ�[V ]w‖Lp

x,v
≤ C

∥∥F−1
η→v[δV ]

∥∥
L∞

x (L1
v)
‖w‖Lp

x,v

≤ C
∥∥F−1KF−1ρ( · )∥∥

L1 ‖w‖Lp
x,v

≤ C‖F−1K‖L∞‖F−1ρ‖L1‖w‖Lp
x,v

≤ C‖w‖W (L1)‖w‖Lp
x,v
.

dt4=[\ Θ�[V ]w 	 W (L1) _4.

‖Θ�[V ]w‖W (L1) ≤ C
∥∥F−1

η→v[δV ]
∥∥
L∞

x (L1
v)
‖w‖W (L1)

≤ C‖F−1KF−1ρ‖L1‖w‖W (L1)

≤ C‖F−1K‖L∞‖F−1ρ‖L1‖w‖W (L1)

≤ ‖w‖2W (L1).



404 � � g e 46�

x��", t! Fourier 12	8QO56 (iii).

‖Θ�[V ]w‖Lm
x,v

≤ C‖F−1KF−1ρ( · )‖L1‖w‖Lm
x,v

≤ C
(‖F−1K‖Lm(B)‖F−1ρ‖

L
m

m−1
+ ‖F−1K‖L∞(Rn\B)‖F−1ρ‖L1

)‖w‖Lm
x,v

≤ C
(‖F−1ρ‖

L
m

m−1
+ ‖F−1ρ‖L1

)‖w‖Lm
x,v

≤ C
(‖ρ‖Lm + ‖ρ‖W

)‖w‖Lm
x,v
,

�� B � R
n �	]�k. d�j Minkowski Q*lB

‖ρ‖Lm(Rn) ≤
(∫

Rn
x

∣∣∣∣
∫
Rn

v

w(t, x, v)dv

∣∣∣∣
m

dx

) 1
m

≤
∫
Rn

v

(∫
Rn

x

|w(t, x, v)|m dx

) 1
m

dv

= ‖w‖L1
v(L

m
x ).

>�N, 4=56 ‖Θ�[V ]w‖Lm
x,v

≤ C(‖w‖L1
v(L

m
x ) + ‖w‖W (L1))‖w‖Lm

x,v
. 	_8,

‖Θ�[V ]w‖W (L1) ≤ C(‖w‖L1
v(L

m
x ) + ‖w‖W (L1))‖w‖W (L1).

gj, j [15] B
‖Θ�[V ]w‖L1

v(L
m
x ) ≤ C(‖w‖L1

v(L
m
x ) + ‖w‖W (L1))‖w‖L1

v(L
m
x ). �

mn 1.2 yrs (i)–(ii) 	Tm	_�. 1.1 	Tm. >� (iii), Z6 Ψ : XM
T �→ XT ,

Ψ[w(t)] = U(t)[w0] +

∫ t

0

U(t− s)[(Θ�[V ]w)(s)]ds

�d�	, ��
XT = {w ∈ C([0, T ];Lm

x,v ∩ L1
v(L

m
x ) ∩W (L1)), w(t = 0) = w0}

bccd�
‖w‖XT = sup

t∈[0,T ]

‖w(t)‖Lp
x,v

+ sup
t∈[0,T ]

‖w(t)‖L1
v(L

m
x ) + sup

t∈[0,T ]

‖w(t)‖W (L1)

� XM
T = {w ∈ XT : ‖w‖XT ≤M, M > 0}. j [20, 22] 56

‖U(t)[w0]‖L∞
t (Lm

x,v)
≤ ‖w0‖Lm

x,v
,

∥∥∥∥
∫ t

0

U(t− s)[Θ�[V ]w]ds

∥∥∥∥
L∞

t (Lm
x,v)

≤ C‖Θ�[V ]w‖L1
t (L

m
x,v)

.

t! Wiener a�	8Q, 4=56

‖w‖W (L1) ≤
∥∥∥∥F−1

∫
Rn

v

|w0(x− tv, v)|dv
∥∥∥∥
L1

+

∫ t

0

∥∥∥∥F−1

∫
Rn

v

|Θ�[V ]w(s, x − (t− s)v, v)|dv
∥∥∥∥
L1

ds

≤ ‖w0‖W (L1) + C

∫ t

0

(‖w‖L1
v(L

m
x ) + ‖w‖W (L1))‖w‖W (L1)ds.
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Z6
‖U(t)[w0]‖L1

v(L
m
x ) =

∫
Rn

v

(∫
Rn

x

|w0(x− tv, v)|m dx

) 1
m

dv

=

∫
Rn

v

(∫
Rn

x

|w0(x, v)|m dx

) 1
m

dv

= ‖w0‖L1
v(L

m
x )

�

‖U(t− s)[Θ�[V ]w](s)‖L1
v(L

m
x ) =

∫
Rn

v

(∫
Rn

x

|Θ�[V ]w(s, x − (t− s)v, v)|m dx

) 1
m

dv

=

∫
Rn

v

(∫
Rn

x

|Θ�[V ]w(s, x, v)|m dx

) 1
m

dv

≤ C(‖w(s)‖L1
v(L

m
x ) + ‖w(s)‖W (L1))‖w(s)‖L1

v(L
m
x ).

PR, �\[E_4, 56

‖Ψ[w]‖Lm
x,v∩L1

v(L
m
x )∩W (L1)

≤ ‖w0‖Lm
x,v∩L1

v(L
m
x )∩W (L1) + C

∫ t

0

‖w(s)‖Lm
x (L1

v)∩W (L1)‖w(s)‖Lm
x,v∩L1

v(L
m
x )∩W (L1)ds.

{�, NOd9	 M � T , 	_�. 1.1 	TmUW4=Tm Ψ ��Iyzvw, PR|BY
�Quv. >Lhi5T. �

�z{|
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Existence-uniqueness and Blow-up Criterion of the Local

Mild Solution for the Generalized Wigner Equation

LI Bin, SHEN Jieqiong

(Department of Mathematics, Jincheng College of Sichuan University, Chengdu, Sichuan, 611731,

P. R. China)

Abstract: This paper is concerned with the generalized Wigner system, which models
the quantum mechanical (charged) particles-transport under the influence of a Hartree-type
nonlinearity. Based on the contraction mapping principle and Strichartz estimates of the kinetic
equation, the existence and uniqueness of the local mild solution in n dimensions are established
for different Hartree kernels in the space of some integrable functions whose inverse Fourier
transforms are integrable. We also establish a blow-up criterion for mild solutions in the Wiener
algebra.

Keywords: generalized Wigner equation; Hartree-type nonlinearity; contraction mapping
principle; Wiener algebra; blow-up criterion
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