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������	X2 − (a2 + 1)Y 4 = 8 − 6a


��
(���
, ��, ��, 225300)

��: � a ����. �����: � a = 1 	, �� X2 − (a2 + 1)Y 4 = 8− 6a �Æ���
� (X,Y ) = (2, 1); � a = 2 	, ����Æ���� (X,Y ) = (1, 1); � a = 3 	, ���
��
�� (X,Y ); � a = 4 	, ����Æ 2 �������� (X,Y ) = (1, 1) � (103, 5); � a ≥ 5

 6a+1 ����	, �����Æ 3 �������� (X,Y ); � a ≥ 5 
 6a+ 1 ����	,
�����Æ 4 �������� (X,Y ).

� !: �"��; �#"�; $%�&'; ��; �(
MR(2010) )*+,: 11D61 / -.+,/: O156.7

01234: A 056/: 1000-0917(2017)03-0355-18

1 789:;<=
> 1942 �	�, Ljunggren, Luca, Walsh �?
@����
	�
�

AX2 −BY 4 = C, (1)

�
 A,B �AB�, C ∈ {±1,±2,±4} ������ (1) �B����� (� [1, 6–9, 11]). �


C��� C, ���
��B�������.

2009 �, Stoll, Walsh �?
@ [10] D��: A = 1, B = 22m + 1, C = −22m �, 
� (1) E
�FG 3 H���AB�� (X,Y ).

2010 �, ?
@�IJ� [12] D��: A = 1, B = a2 + 1, C = −2a �, 
� (1) E�FG 3

H���AB�� (X,Y ).

2014 �, ?
@�IJ� [13] D��: A = 1, B = a2 + p2n, C = −p2n �, � a, n �AB�,

p ����, gcd(a, p) = 1 � 
� x2 − (a2 + p2n)y2 = −1 G!HB��, K
� (1) E�FG
2H���AB�� (X,Y ); 	� A = 1, B = a2+4p2n, C = −4p2n �,� a, n�AB�, p��

�, gcd(a, 2p) = 1� 
� x2− (a2+4p2n)y2 = −1G!HB���
� u2− (a2+4p2n)v2 = 4

"���B��, K
� (1) E�FG 2 H���AB�� (X,Y ).

�#�L���$:

MN 
�

X2 − (a2 + 1)Y 4 = 8− 6a (2)
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(i) ) a = 1 �, *GAB�� (X,Y ) = (2, 1);

(ii) ) a = 2 �, *GAB�� (X,Y ) = (1, 1);

(iii) ) a = 3 �, "AB�� (X,Y );

(iv) ) a = 4 �, *G 2 H���AB�� (X,Y ) = (1, 1) � (103, 5);

(v) ) a ≥ 5 �, � 6a+ 1 +

�, K,- (X,Y ) = (a− 3, 1) 0, E�.G 2 H���A
B�� (X,Y ); � 6a+1 �

�, K,- (X,Y ) = (a− 3, 1) � (6a2 + a+3, (6a+1)

1
2 ) 0, E

�.G 2 H���AB�� (X,Y ).

2 TUVWX/YXXZ[\]^_`a7b
123#4 [12]J�01. 5 α, β, γ �2�,� γ 3� 045B�. 6789� F (α, β, γ, z)

�6�2:7 z �8;�, <

F (α, β, γ, z) = 1 +

∞∑
i=1

( i−1∏
j=0

(α+ j)(β + j)

γ + j

)
zi

i!
.

cC�9:;<=�@=� 1 + γ−α−β+1
j +O( 1

j2 ), >>??@� 1.

@ r �AB�, v �A��Bd 0 < v < 1. 0

Yr(z) = F (−r − v,−r, 1− v, z), Xr(z) = zrYr(z
−1),

	�

Rr(z) =
Γ(r + 1 + v)

r!Γ(v)

∫ z

1

(1− t)r(t− z)rt−r−1+vdt.

eAB�C@3C 0, ��) u = 0 �, G (1 − u)−r−1+v = 1.

3 �n,r DD Xr(z) � Yr(z) �=��EEE�F, Nn,r DD Xr(1 − nz
∏

p|n p
1

p−1 ) �

Yr(1− nz
∏

p|n p
1

p−1 ) �=��f�EFEG�. � A,B �+HB�, D �AB�, Bd
|A| >

√
3D|B|, e2.37(

√
A2 +B2D − |A|) < 2,

0 q = A+B
√
Di, v = 1

4 , w = A−B
√
Di

A+B
√
Di

, �

A4,r =
�4,r

N4,r
Xr(w)(4q)

r , B4,r =
�4,r

N4,r
Yr(w)(4q)

r ,

K A4,r, B4,r IJ�g Q(
√−D) J�G�B�. h@

ε1 =
√
A2 +B2D + |A|, ε2 =

√
A2 +B2D − |A|, w1 = 2e0.99ε1, w2 =

1

2
e2.37ε2,

� C1, f �A�, Bd 0 < C1 < 1.25, 	�

f ≥ |B√
D|

2C1|A|
w1 − w2

w1 − 1
, (3)

�H� η, p, q � Q(
√−D) J�+HG�B�, � I η ∈ {±1,±i}, 	�

|qB√
D|

2|A| > C1, (4)
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MÆc (3) N� (4) N� ω2 < 1 I |qf | > ω2−ω1

ω2−1 > 1. �6 r0 �Bd w1−r0
2 ≤ |qf | < w−r0

2 �

AB�. C$OPG
jN 1 5 η, p, q � Q(

√−D) J�+HG�B�.

(i) � η = ±1, 0 < C1 < 1.25, λ = | logw1

logw2
|, C = 0.9w1(w1 − w2)|f |λ, f ≥ |B√

D|
2C1|A|

w1−w2

w1−1 , K
∣∣∣∣ηw 1

4 − p

q

∣∣∣∣ > 1− w2

C|q|λ+1
;

(ii) � r0 = 1 � η−1qB4,1 �= pA4,1, η = ±1, K∣∣∣∣w 1
4 − η

p

q

∣∣∣∣ > 1− 0.8C1

0.9w1|q| ;

(iii) � r0 = 1 � ηqB4,1 = pA4,1, η ∈ {±1,±i}, K
∣∣∣∣w 1

4 − η
p

q

∣∣∣∣ > 1− w2

0.9w2
1|q|

.

kl Q�# [13, QR 2.3]. �
jN 2 5 D > 0 �3$

�, K
� x4 −Dy2 = −1 E�G!HAB�� (X,Y ).

kl Q�# [2, S 7 mS 3 T�R 8 �RS]. �
jN 3 5 D = 2p, p ����, K
� x4 −Dy2 = 1 ,- p = 3, x = 7, y = 20 0, "�

��AB�� (X,Y ).

kl Q�# [5, S 4 mS 3 T�R 9]. �
jN 4 5 D > 0 �3$

�,

√
D = [a0; a1, a2, · · · ] $

√
D �U��n-N, pn

qn
=

[a0; a1, a2, · · · , an] o ξn = [an; an+1, an+2, · · · ] �VDD
√
D �S n �WX��oS n + 1 �

TUV, KG
(i) ξn =

√
D+Pn

Qn
, eA Pn, Qn $Bd P 2

n ≡ D (mod Qn) �B�;

(ii) 
� x2 −Dy2 = (−1)nQn G���AB�� (x, y); ��) l �= (−1)nQn, |l| <
√
D �,


� x2 −Dy2 = l "���AB�� (x, y);

(iii) p2n −Dq2n = (−1)nQn+1, pnpn+1 −Dqnqn+1 = (−1)n+1Pn+2, n ≥ 0.

kl Q�# [4]. �
jN 5 5 pm

qm
$"R� α �U��n-N�S m �WX��. � e � f $���+HB

��YÆAA� c,  I ∣∣∣∣α− e

f

∣∣∣∣ < c

f2
,

K (e, f) = (rpm+1 ± spm, rqm+1 ± sqm), eA m $WX+5B�, r, s $AB�, Bd rs < 2c.

kl Q�# [3]. �
jN 6 5 a ≥ 4 �B�, K
�

x2 − (a2 + 1)y2 = 8− 6a (5)
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�YG���B��c

x+ y
√
a2 + 1 = ±(±(a− 3) +

√
a2 + 1)(a+

√
a2 + 1)2m (6)

Z[, eA m �B�, δ = a+
√
a2 + 1 � Pell 
� x2 − (a2 + 1)y2 = −1 �\��.

kl 5 (x, y)�
� (5)�!H���AB��, K) a ≥ 4�, x2 = (a2+1)y2−(6a−8) ≥
(a2 + 1)y2 − a2 ≥ y2, ]�

√
a2 + 1 + x

y > a+ 1. c (5) N^I

6a− 8

y2
=

∣∣∣∣√a2 + 1 +
x

y

∣∣∣∣ ·
∣∣∣∣√a2 + 1− x

y

∣∣∣∣ > (a+ 1)

∣∣∣∣√a2 + 1− x

y

∣∣∣∣,
> ∣∣∣∣√a2 + 1− x

y

∣∣∣∣ < 1

y2
· 6a− 8

a+ 1
<

6

y2
.

cC √
a2 + 1 = [a, 2a], Y	 P0 = 0, Q0 = 1, Pn = a, Qn = 1, eA n �AB�. ��

pn =
1

2

(
(a+

√
a2 + 1)n+1 + (a−

√
a2 + 1)n+1

)
,

qn =
1

2
√
a2 + 1

(
(a+

√
a2 + 1)n+1 − (a−

√
a2 + 1)n+1

)
.

@ α =
√
a2 + 1, c = 6. _`QR 5 p (x, y) = (rpn+1 ± spn, rqn+1 ± sqn), eA n $WX

+5B�, r, s $AB�Bd rs < 12. a]��GZ (5) N, �cQR 4 (iii) � Pn = a, Qn = 1

^I

8− 6a = (rpn+1 ± spn)
2 − (a2 + 1)(rqn+1 ± sqn)

2 = (−1)n+1(s2 − r2 ± 2rsa). (7)

1) � n = 2n0, K (7) Nb�

6a− 8 = s2 − r2 ± 2rsa. (8)

c (8) Np, s, r [�[\, >

(s, r) = (1, 1), (1, 3), (1, 5), (1, 7), (1, 9), (1, 11), (2, 2), (2, 4),

(3, 1), (3, 3), (4, 2), (5, 1), (7, 1), (9, 1), (11, 1).

) a �= 4, 5, 6, 7 �, c]Dp, (s, r) = (1, 3) �^ “+” d. C$
x+ y

√
a2 + 1 = (3p2n0+1 + p2n0) + (3q2n0+1 + q2n0)

√
a2 + 1

= 3(a+
√
a2 + 1)2n0+2 + (a+

√
a2 + 1)2n0+1

= (−a+ 3 +
√
a2 + 1)(a+

√
a2 + 1)2n0+2.

) a = 4 �, (8) Nb�

16 = s2 − r2 ± 8rs. (9)

c (9) N�e_ rs < 12 p, (s, r) = (1, 3), (1, 5) �^ “+” d.
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C (s, r) = (1, 3), f a �= 4 ���`S^I

x+ y
√
17 = (−1 +

√
17)(4 +

√
17)2n0+2.

[a, 
C (s, r) = (1, 5), OPG

x+ y
√
17 = (1 +

√
17)(4 +

√
17)2n0+2.

gbh, ) a = 5 �, (s, r) = (1, 3), (1, 7) �^ “+” d. ]�

x+ y
√
26 = (∓2 +

√
26)(5 +

√
26)2n0+2.

) a = 6 �, (s, r) = (1, 3), (1, 9) �^ “+” d. ]�

x+ y
√
37 = (∓3 +

√
37)(6 +

√
37)2n0+2.

) a = 7 �, (s, r) = (1, 3), (1, 11) �^ “+” d. ]�

x+ y
√
50 = (∓4 +

√
50)(7 +

√
50)2n0+2.

2) � n = 2n0 + 1, K (7) Nb�

8− 6a = s2 − r2 ± 2rsa. (10)

) a �= 4, 5, 6, 7 �, f 1) �`Sp, (s, r) = (3, 1) �^ “−” d. C$
x+ y

√
a2 + 1 = (p2n0+2 − 3p2n0+1) + (q2n0+2 − 3q2n0+1)

√
a2 + 1

= (a+
√
a2 + 1)2n0+3 − 3(a+

√
a2 + 1)2n0+2

= (a− 3 +
√
a2 + 1)(a+

√
a2 + 1)2n0+2.

) a = 4 �, (10) Nb�

−16 = s2 − r2 ± 8rs. (11)

c (11) N�e_ rs < 12 p, (s, r) = (3, 1), (5, 1) �^ “−” d.


C (s, r) = (3, 1), f a �= 4 ���`S^I

x+ y
√
17 = (1 +

√
17)(4 +

√
17)2n0+2.

[a, 
C (s, r) = (5, 1), OPG

x+ y
√
17 = (−1 +

√
17)(4 +

√
17)2n0+2.

gbh, ) a = 5 �, (s, r) = (3, 1), (7, 1) �^ “−” d. ]�

x+ y
√
26 = (±2 +

√
26)(5 +

√
26)2n0+2.
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) a = 6 �, (s, r) = (3, 1), (9, 1) �^ “−” d. ]�

x+ y
√
37 = (±3 +

√
37)(6 +

√
37)2n0+2.

) a = 7 �, (s, r) = (3, 1), (11, 1) �^ “−” d. ]�

x+ y
√
50 = (±4 +

√
50)(7 +

√
50)2n0+2.

G], a ≥ 4 �, 
� (5) �YG���B��c (6) NZ[. QR 6 ID. �
jN 7 5 D = a2 + 1, Q �A\�Bd D−Q = l2 (l �AB�). �
� x2 −Dy2 = −Q

�YG���B�� (x, y) c

x+ y
√
D = ±(±l+

√
D)(a+

√
D)2m

	�WXB� m Z[, �� (X,Y ) �= (l, 1) �
�

X2 −DY 4 = −Q (12)

�!H���AB��, K

±X ±
√
Qi =

1

4
(l +

√
Qi)(

√
b2s±

√
b1ri)

4,

eA
2Y = b1r

2 + b2s
2, b1b2 = Q, gcd(b1r

2, b2s
2) = 2,

√
b1r >

√
b2s > 0.

kl 0 δ = a+
√
D, 
+5B� s, �6�c {Ts} � {Us}:

δs = Ts + Us

√
D.

c DU2k > lT2k > l2U2k p, 
� (12) Bd (X,Y ) �= (l, 1) ����AB��c

X = DU2k ± lT2k, Y 2 = T2k ± lU2k (13)

	�WXAB� k Z[.

dÆe_ (13) NJidU�A���.

c T2k = T 2
k +DU2

k � U2k = 2TkUk p, (13) Nb�

Y 2 = (Tk + lUk)
2 +QU2

k . (14)

qc (Tk + lUk)(Tk − lUk) = QU2
k ± 1 p, (14) NJe<;;��. G]GAB� b1, b2, r, s Bd

Y + (Tk + lUk) = b1r
2, Y − (Tk + lUk) = b2s

2, Uk = rs,

eA b1b2 = Q, gcd(b1r
2, b2s

2) = 2,
√
b1r >

√
b2s > 0. <

Y =
1

2
(b1r

2 + b2s
2), Tk =

1

2
(b1r

2 − b2s
2 − 2lrs), Uk = rs. (15)
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a (15) ��;NGZ
� T 2
k −DU2

k = ±1, BRI
b21r

4 − 4b1lr
3s− 6Qr2s2 + 4b2lrs

3 + b22s
4 = ±4,

<

(l +
√
Qi)(

√
b2s+

√
b1ri)

4 − (l −
√
Qi)(

√
b2s−

√
b1ri)

4 = ±8
√
Qi.

@ Z �B�,  I

8Z = (l +
√
Qi)(

√
b2s+

√
b1ri)

4 + (l −
√
Qi)(

√
b2s−

√
b1ri)

4,

KG
4Z = l(b21r

4 + b22s
4 − 6Qr2s2) + 4Qrs(b1r

2 − b2s
2)

= l((b1r
2 − b2s

2)2 + 4Qr2s2) + 4Qrs(b1r
2 − b2s

2 − 2lrs)

= l(4(Tk + lUk)
2 + 4QU2

k ) + 8QTkUk

= 4l(T 2
k +DU2

k ) + 8DTkUk = 4X,

>

X ±
√
Qi =

1

4
(l +

√
Qi)(

√
b2s+

√
b1ri)

4,

eA
b1b2 = Q, gcd(b1r

2, b2s
2) = 2,

√
b1r >

√
b2s > 0.

gbh, 
 (13) NJidU�5���G
−X ±

√
Qi =

1

4
(l +

√
Qi)(

√
b2s−

√
b1ri)

4.

QR 7 ID. �
jN 8 5 a ≥ 4, � (X,Y ) �= (a − 3, 1) �
� (2) �!H���AB��, KGAB�

x, y, g  I g2 < 6a− 8 �

±X ±√
6a− 8i =

1

4g2
(a− 3 +

√
6a− 8i)(x ± y

√
6a− 8i)4, (16)

x2 + 2(3a− 4)y2 = 2gY. (17)

kl @ g = min{b1, b2}. c gcd(b1, b2) | 2, b1b2 = 6a− 8 ≥ 16 p b1 �= b2, > g2 < 6a− 8.

) g = b1 �, @ x = b1r, y = −s; ) g = b2 �, @ x = b2s, y = r. C$cQR 7 ^I

±X ±√
6a− 8i =

1

4
(a− 3 +

√
6a− 8i)

(
x± y

√
6a− 8i√
g

)4

,

x2 + 2(3a− 4)y2 = 2gY.

<G (16) Nbj, �Bd (17) N. QR 8 ID. �
jN 9 � K, l $AB�, η ∈ {±1,±i}, 0 < cl < 1 �Æ�, cl+1 = (2− cl)(

√
2− cl)

2. �

0 <

∣∣∣∣w 1
4 − η

x+ y
√
Ki

x− y
√
Ki

∣∣∣∣ < cl,
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K ∣∣∣∣w −
(
x+ y

√
Ki

x− y
√
Ki

)4∣∣∣∣ > cl+1

∣∣∣∣w 1
4 − η

x+ y
√
Ki

x− y
√
Ki

∣∣∣∣.
kl c�N∣∣∣∣w −

(
x+ y

√
Ki

x− y
√
Ki

)4∣∣∣∣ =
∣∣∣∣w 1

4 − η
x+ y

√
Ki

x− y
√
Ki

∣∣∣∣ ·
∣∣∣∣w 1

4 − η
x+ y

√
Ki

x− y
√
Ki

+ 2η
x+ y

√
Ki

x− y
√
Ki

∣∣∣∣
·
∣∣∣∣w 1

4 − η
x+ y

√
Ki

x− y
√
Ki

+ (1 + i)η
x + y

√
Ki

x − y
√
Ki

∣∣∣∣
·
∣∣∣∣w 1

4 − η
x+ y

√
Ki

x− y
√
Ki

+ (1− i)η
x + y

√
Ki

x − y
√
Ki

∣∣∣∣
^I ∣∣∣∣w −

(
x+ y

√
Ki

x− y
√
Ki

)4∣∣∣∣ > (2 − cl)(
√
2− cl)

2

∣∣∣∣w 1
4 − η

x+ y
√
Ki

x− y
√
Ki

∣∣∣∣.
QR 9 ID. �

jN 10 5 a ≥ 4, � (Xj , Yj), Yj > 1 (j = 1, 2, 3) �
� (2) � 3 H���AB��, K
YÆ j1, j2 ∈ {1, 2, 3}  I

Yj2 >
4(a2 + 1)

(3a− 4)g1g2
Y 3
j1 .

kl G a ≥ 4, > Y 2
j ≥ T2− (a− 3)U2 = T 2

1 +(a2+1)U2
1 − 2(a− 3)T1U1 = a2+(a2+1)−

2a(a− 3) = 6a+ 1 ≥ 25. cQR 8 p, YÆAB� xj , yj , gj  I g2j < 6a− 8 (j = 1, 2, 3), �

±Xj ±
√
6a− 8i =

1

4g2j
(a− 3 +

√
6a− 8i)(xj ± yj

√
6a− 8i)4,

x2
j + 2(3a− 4)y2j = 2gjYj , j = 1, 2, 3.

OPF`S	f��:

Xj ±
√
6a− 8i =

1

4g2j
(a− 3 +

√
6a− 8i)(xj + yj

√
6a− 8i)4,

x2
j + 2(3a− 4)y2j = 2gjYj , j = 1, 2, 3,

(18)

����gb. ]�G
(a− 3 +

√
6a− 8i)(xj + yj

√
6a− 8i)4 − (a− 3−√

6a− 8i)(xj − yj
√
6a− 8i)4

= ±8g2j
√
6a− 8i, j = 1, 2, 3.

(19)

0 w = a−3−√
6a−8i

a−3+
√
6a−8i

= eiθ, Kc (19) N^I

∣∣∣∣w −
(
xj + yj

√
6a− 8i

xj − yj
√
6a− 8i

)4∣∣∣∣ = 2
√
6a− 8√

a2 + 1Y 2
j

≤ 8

25
√
17

< 0.078, j = 1, 2, 3. (20)

@ ηj ∈ {±1,±i} Bd∣∣∣∣w 1
4 − ηj

xj + yj
√
6a− 8i

xj − yj
√
6a− 8i

∣∣∣∣ = min
0≤k≤3

∣∣∣∣w 1
4 − e

kπi
2
xj + yj

√
6a− 8i

xj − yj
√
6a− 8i

∣∣∣∣, j = 1, 2, 3.
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dÆD� ∣∣∣∣w 1
4 − ηj

xj + yj
√
6a− 8i

xj − yj
√
6a− 8i

∣∣∣∣ < 0.0223, j = 1, 2, 3.

g�G ∣∣∣∣w 1
4 − ηj

xj + yj
√
6a− 8i

xj − yj
√
6a− 8i

∣∣∣∣ < (0.078)
1
4 < 0.5285, j = 1, 2, 3.

@ c1 = 0.5285, KcQR 9 	� (2− 0.5285)(
√
2− 0.5285)2 > 1.15, ^I∣∣∣∣w −

(
xj + yj

√
6a− 8i

xj − yj
√
6a− 8i

)4∣∣∣∣ > 1.15

∣∣∣∣w 1
4 − ηj

xj + yj
√
6a− 8i

xj − yj
√
6a− 8i

∣∣∣∣, j = 1, 2, 3.

�k (20) NG ∣∣∣∣w 1
4 − ηj

xj + yj
√
6a− 8i

xj − yj
√
6a− 8i

∣∣∣∣ < 0.078

1.15
< 0.068, j = 1, 2, 3.

r2hiC�^I ∣∣∣∣w 1
4 − ηj

xj + yj
√
6a− 8i

xj − yj
√
6a− 8i

∣∣∣∣ < 0.0223, j = 1, 2, 3.

G] ∣∣∣∣w −
(
xj + yj

√
6a− 8i

xj − yj
√
6a− 8i

)4∣∣∣∣ ≥ (2− 0.0223)(
√
2− 0.0223)2

∣∣∣∣w 1
4 − ηj

xj + yj
√
6a− 8i

xj − yj
√
6a− 8i

∣∣∣∣
> 3.83

∣∣∣∣w 1
4 − ηj

xj + yj
√
6a− 8i

xj − yj
√
6a− 8i

∣∣∣∣.
�k (20) NJ��NI∣∣∣∣w 1

4 − ηj
xj + yj

√
6a− 8i

xj − yj
√
6a− 8i

∣∣∣∣ < 2
√
6a− 8

3.83
√
a2 + 1Y 2

j

, j = 1, 2, 3.

cC ηj ∈ {±1,±i}, Y	YÆ j1, j2 ∈ {1, 2, 3}  I ηj1

ηj2
= ±1. 3j!lk, OPH� j1 = 1,

j2 = 2 � Y2 > Y1, KG∣∣∣∣η1x1 + y1
√
6a− 8i

x1 − y1
√
6a− 8i

− η2
x2 + y2

√
6a− 8i

x2 − y2
√
6a− 8i

∣∣∣∣
≤

∣∣∣∣w 1
4 − η1

x1 + y1
√
6a− 8i

x1 − y1
√
6a− 8i

∣∣∣∣+
∣∣∣∣w 1

4 − η2
x2 + y2

√
6a− 8i

x2 − y2
√
6a− 8i

∣∣∣∣
<

2
√
6a− 8

3.83
√
a2 + 1Y 2

1

+
2
√
6a− 8

3.83
√
a2 + 1Y 2

2

. (21)

flOPD� ∣∣∣∣η1x1 + y1
√
6a− 8i

x1 − y1
√
6a− 8i

− η2
x2 + y2

√
6a− 8i

x2 − y2
√
6a− 8i

∣∣∣∣ ≥ 2√
g1g2Y1Y2

. (22)

c 2 |x1, 2 |x2 p, YÆB� u, v,  I

2u+ 2v
√
6a− 8i = (x1 − y1

√
6a− 8i)(x2 + y2

√
6a− 8i).
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C$

η1
x1 + y1

√
6a− 8i

x1 − y1
√
6a− 8i

− η2
x2 + y2

√
6a− 8i

x2 − y2
√
6a− 8i

=
2(η1 − η2)u − 2(η1 + η2)v

√
6a− 8i

(x1 − y1
√
6a− 8i)(x2 − y2

√
6a− 8i)

. (23)

H�

η1
x1 + y1

√
6a− 8i

x1 − y1
√
6a− 8i

= η2
x2 + y2

√
6a− 8i

x2 − y2
√
6a− 8i

,

MÆ
(x1 + y1

√
6a− 8i)4

4g21Y
2
1

=
(x2 + y2

√
6a− 8i)4

4g22Y
2
2

.

�k (18) NG
(X1 ±

√
6a− 8i)Y 2

2 = (X2 ±
√
6a− 8i)Y 2

1 . (24)

=m (24) N;n�mo^I Y1 = Y2. eo Y2 > Y1 9np.

]0, c η1

η2
= ±1 p 2 | (η1 − η2)u− (η1 + η2)v

√
6a− 8i. 
 (23) N;n^o^I (22) Nb

j.

c (21)–(22) N	� Y2 > Y1 ≥ 5, G
2√

g1g2Y2
<

2
√
6a− 8

3.83
√
a2 + 1Y1

√
Y1

+
2
√
6a− 8

3.83
√
a2 + 1Y2

√
Y2

.

�k Y2 ≥ 6, g1g2 < 6a− 8 ^I

2√
g1g2Y2

<
2
√
6a− 8

3.83
√
a2 + 1Y1

√
Y1

+
2
√
6a− 8 · 6

3.83(6a− 8) · 6√Y2

<
2
√
6a− 8

3.83
√
a2 + 1Y1

√
Y1

+
2

3.83
√
g1g2Y2

.

G]

Y2 >
4(a2 + 1)

(3a− 4)g1g2
Y 3
1 .

QR 10 ID. �
jN 11 5 a ≥ 4. � (X,Y ) �
� (2) �!H���AB��, Y 2 = T2k ± (a − 3)U2k,

k > 1, K
(i) k = 2 �, Y 2 > 4(6a+ 1)a2, �

T4 − (a− 3)U4 = 24a3 + 4a2 + 12a+ 1,

T4 + (a− 3)U4 = 16a4 − 24a3 + 12a2 − 12a+ 1;

(ii) k = 3 �, Y 2 > 4(24a3 + 4a2 + 24a+ 3)a2, �

T6 − (a− 3)U6 = 96a5 + 16a4 + 96a3 + 12a2 + 18a+ 1,

T6 + (a− 3)U6 = 64a6 − 96a5 + 80a4 − 96a3 + 24a2 − 18a+ 1;
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(iii) k ≥ 4 �, Y 2 > 8(48a5 + 8a4 + 72a3 + 10a2 + 30a+ 3)a2, �

T8 − (a− 3)U8 = 384a7 + 64a6 + 576a5 + 80a4 + 240a3 + 24a2 + 24a+ 1,

T8 + (a− 3)U8 = 256a8 − 384a7 + 448a6 − 576a5 + 240a4 − 240a3 + 40a2 − 24a+ 1.

kl g�, OPGqRr=:

T2(k+1) = (2a2 + 1)T2k + 2a(a2 + 1)U2k, U2(k+1) = 2aT2k + (2a2 + 1)U2k. (25)

(i) k = 2 �, c T4 + U4

√
a2 + 1 = (a+

√
a2 + 1)4 ^I

T4 = 8a4 + 8a2 + 1, U4 = 8a3 + 4a.

]�
T4 − (a− 3)U4 = 24a3 + 4a2 + 12a+ 1 > 4(6a+ 1)a2,

T4 + (a− 3)U4 = 16a4 − 24a3 + 12a2 − 12a+ 1 > T4 − (a− 3)U4.

> Y 2 > 4(6a+ 1)a2.

(ii) k = 3 �, c (25) N^I

T6 = 32a6 + 48a4 + 18a2 + 1, U6 = 32a5 + 32a3 + 6a.

]�

T6 − (a− 3)U6 = 96a5 + 16a4 + 96a3 + 12a2 + 18a+ 1 > 4(24a3 + 4a2 + 24a+ 3)a2,

T6 + (a− 3)U6 = 64a6 − 96a5 + 80a4 − 96a3 + 24a2 − 18a+ 1 > T6 − (a− 3)U6.

> Y 2 > 4(24a3 + 4a2 + 24a+ 3)a2.

(iii) k ≥ 4 �, c (25) N^I

T8 = 128a8 + 256a6 + 160a4 + 32a2 + 1, U8 = 128a7 + 192a5 + 80a3 + 8a.

]�

T2k − (a− 3)U2k ≥ T8 − (a− 3)U8

= 384a7 + 64a6 + 576a5 + 80a4 + 240a3 + 24a2 + 24a+ 1

> 8(48a5 + 8a4 + 72a3 + 10a2 + 30a+ 3)a2,

T2k + (a− 3)U2k ≥ T8 + (a− 3)U8

= 256a8 − 384a7 + 448a6 − 576a5 + 240a4 − 240a3 + 40a2 − 24a+ 1

> T8 − (a− 3)U8.

> Y 2 > 8(48a5 + 8a4 + 72a3 + 10a2 + 30a+ 3)a2. QR 11 ID. �
jN 12 � (Xj , Yj) (j = 1, 2, 3) �
� (2) Bd

Y 2
j = T2kj ± (a− 3)U2kj , kj > 1
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� 3 H���AB��, KYÆ 2 H���AB��, 3s5� (X1, Y1), (X2, Y2), Y2 > Y1,  

I η1

η2
= ±1, �

Y2 <
1745(3a− 4)3g31g

3
2

a2 + 1
Y 3
1 .

eA kj = 2 �, a ≥ 12; kj ≥ 3 �, a ≥ 5.

kl cQR 10 �RRC�p, YÆ
� (2) � 2 H���AB�� (Xj , Yj) (j = 1, 2),

Y2 > Y1,  I
η1

η2
= ±1, Y 2

1 = T2k ± (a− 3)U2k, k > 1. _`QR 8, ^I

±Xj ±
√
6a− 8i =

1

4g2j
(a− 3 +

√
6a− 8i)(xj ± yj

√
6a− 8i)4,

x2
j + 2(3a− 4)y2j = 2gjYj , j = 1, 2.

OPF`S	f��:

Xj ±
√
6a− 8i =

1

4g2j
(a− 3 +

√
6a− 8i)(xj + yj

√
6a− 8i)4,

x2
j + 2(3a− 4)y2j = 2gjYj , j = 1, 2,

(26)

����gb. ]�G
(a− 3 +

√
6a− 8i)(xj + yj

√
6a− 8i)4 − (a− 3−√

6a− 8i)(xj − yj
√
6a− 8i)4

= ±8g2j
√
6a− 8i, j = 1, 2.

c (26) N^p
(X1 ±

√
6a− 8i)(x1 − y1

√
6a− 8i)4(x2 + y2

√
6a− 8i)4

− (X1 ∓
√
6a− 8i)(x1 + y1

√
6a− 8i)4(x2 − y2

√
6a− 8i)4

= ±32(g1g2)
2
√
6a− 8iY 4

1 . (27)

0 2u+ 2v
√
6a− 8i = (x1 − y1

√
6a− 8i)(x2 + y2

√
6a− 8i), K (27) Nb�

|(X1±
√
6a− 8i)(u+v

√
6a− 8i)4−(X1∓

√
6a− 8i)(u−v

√
6a− 8i)4| = 2(g1g2)

2
√
6a− 8Y 4

1 . (28)

@ A = X1, B = ±1, D = 6a− 8, 	�

w =
X1 ±

√
6a− 8i

X1 ∓
√
6a− 8i

, ε1 =
√
X2

1 + 6a− 8 +X1, ε2 =
√
X2

1 + 6a− 8−X1,

w1 = 2e0.99ε1, w2 =
1

2
e2.37ε2.

cQR 10 � X2
1 − (a2 + 1)Y 4

1 = 8− 6a ^p
| ± √

6a− 8(u+ v
√
6a− 8i)|

2X1
=

√
(6a− 8)g1g2Y1Y2

2X1
>

2
√
2(a2 + 1)Y 4

1

2
√
a2 + 1Y 2

1

> 1.

_`QR 1 (i) ^@ C1 = 1. cQR 11 p, � kj = 2, K) a ≥ 12 �,

ε1 > 2X1 > 48a4 ≥ 48× 144a2 = 6912a2 ≥ 995328.
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� kj ≥ 3, K) a ≥ 5 �,

ε1 > 2X1 > 192a6 ≥ 3× 106 > 995328.

G]

λ <

∣∣∣∣1.684 + log ε1
1.676 + log ε2

∣∣∣∣ = 1.684 + log ε1
log ε1 − log(6a− 8)− 1.676

<
1.684 + log ε1

0.685 log ε1 − 1.676
= 1.46 +

4.131

0.685 log ε1 − 1.676
< 2.

^^ λ = 2. h w1−w2

w1−1 > 1, < f > 0.5
√
6a−8

X1
. ^ f = 0.501

√
6a−8

X1
, ]�

C = 0.9w1(w1 − w2)|f |λ < 0.9(2e0.99ε1)
2

(
0.501

√
6a− 8

X1

)2

< 0.9(2e0.99 × 2.1X1)
2

(
0.501

√
6a− 8

X1

)2

< 28.862(6a− 8).

t

1− w2 = 1− e2.37(
√
X2

1 + 6a− 8−X1)

2
= 1− e2.37(6a− 8)

2ε1

> 1− e2.37 · 6a
2× 6912× 12a

> 0.999613,

>G ∣∣∣∣ηw 1
4 − u− v

√
6a− 8i

u+ v
√
6a− 8i

∣∣∣∣ > 1− w2

C(g1g2Y1Y2)
3
2

>
1

28.873(6a− 8)(g1g2Y1Y2)
3
2

. (29)

]0, c (28) N�QR 11, G∣∣∣∣w −
(
u− v

√
6a− 8i

u+ v
√
6a− 8i

)4∣∣∣∣ = 2(g1g2)
2
√
6a− 8Y 4

1√
X2

1 + 6a− 8(g1g2Y1Y2)2

=
2
√
6a− 8Y 2

1√
a2 + 1Y 2

1 Y
2
2

=
2
√
6a− 8√

a2 + 1Y 2
2

<
2
√
6a− 8√

a2 + 1 · 4(6a+ 1)a2
<

1

31645
. (30)

@ ζ1 ∈ {±1,±i},  I
∣∣∣∣w 1

4 − ζ1
u− v

√
6a− 8i

u+ v
√
6a− 8i

∣∣∣∣ = min
0≤k≤3

∣∣∣∣w 1
4 − e

kπi
2
u− v

√
6a− 8i

u+ v
√
6a− 8i

∣∣∣∣ <
(

1

31645

) 1
4

< 0.075.

0 ρ = a−3−√
6a−8i

a−3+
√
6a−8i

. cQR 10 �D�p
∣∣∣∣η1x1 + y1

√
6a− 8i

x1 − y1
√
6a− 8i

− η2
x2 + y2

√
6a− 8i

x2 − y2
√
6a− 8i

∣∣∣∣
≤

∣∣∣∣ρ 1
4 − η1

x1 + y1
√
6a− 8i

x1 − y1
√
6a− 8i

∣∣∣∣+
∣∣∣∣ρ 1

4 − η2
x2 + y2

√
6a− 8i

x2 − y2
√
6a− 8i

∣∣∣∣
< 0.0223 + 0.0223 < 0.045.
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G] ∣∣∣∣η1η2 · u− v
√
6a− 8i

u+ v
√
6a− 8i

− 1

∣∣∣∣ =
∣∣∣∣η1η2 · (x1 + y1

√
6a− 8i)(x2 − y2

√
6a− 8i)

(x1 − y1
√
6a− 8i)(x2 + y2

√
6a− 8i)

− 1

∣∣∣∣ < 0.045.

cQR 11 p

|w 1
4 − 1| =

∣∣∣∣ ±2
√
6a− 8i

X1 ∓
√
6a− 8i

∣∣∣∣ < 2

√
6a− 8

(3456a)2 + 6a− 8
< 0.000386,

> ∣∣∣∣w 1
4 − η1

η2
· u− v

√
6a− 8i

u+ v
√
6a− 8i

∣∣∣∣ ≤ |w 1
4 − 1|+

∣∣∣∣η1η2 · u− v
√
6a− 8i

u+ v
√
6a− 8i

− 1

∣∣∣∣ < 0.0454.

� ζ ∈ {±1,±i}, ζ �= ζ1, ζ1 = η1

η2
= ±1, K

∣∣∣∣w 1
4 − ζ

u− v
√
6a− 8i

u+ v
√
6a− 8i

∣∣∣∣ =
∣∣∣∣w 1

4 − ζ1
u− v

√
6a− 8i

u+ v
√
6a− 8i

+ (ζ1 − ζ)
u − v

√
6a− 8i

u + v
√
6a− 8i

∣∣∣∣
>

∣∣∣∣(ζ1 − ζ)
u − v

√
6a− 8i

u + v
√
6a− 8i

∣∣∣∣−
∣∣∣∣w 1

4 − ζ1
u− v

√
6a− 8i

u+ v
√
6a− 8i

∣∣∣∣
>

√
2− 0.075 > 1.

p`oQR 10 gb�
1uR^I∣∣∣∣w −
(
u− v

√
6a− 8i

u+ v
√
6a− 8i

)4∣∣∣∣ ≥ (2− 0.0124)(
√
2− 0.0124)2

∣∣∣∣w 1
4 − ζ1

u− v
√
6a− 8i

u+ v
√
6a− 8i

∣∣∣∣
≥ 3.91

∣∣∣∣w 1
4 − ζ1

u− v
√
6a− 8i

u+ v
√
6a− 8i

∣∣∣∣. (31)

�k (29)–(31) N, OPG
2
√
6a− 8√

a2 + 1Y 2
2

>
3.91

28.873(6a− 8)(g1g2Y1Y2)
3
2

,

<

Y2 <
1745(3a− 4)3g31g

3
2

a2 + 1
Y 3
1 .

QR 12 ID. �

3 sbZtu
(i) ) a = 1 �, 
� (2) b�

X2 − 2Y 4 = 2. (32)

qp, 2 |X . @X = 2X1,KI Y 4−2X2
1 = −1. cQR 2pv
�*GAB�� (X1 , Y ) = (1, 1),

wt
� (32) *GAB�� (X,Y ) = (2, 1).

(ii) ) a = 2 �, 
� (2) b�

X2 − 5Y 4 = −4. (33)
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c# [7] p, 
� (33) *GAB�� (X,Y ) = (1, 1).

(iii) ) a = 3 �, 
� (2) b�

X2 − 10Y 4 = −10. (34)

qp, 10 |X . @ X = 10X1, KI Y 4 − 10X2
1 = 1. cQR 3 pv
�"AB��, wt
� (34)

"AB��.

(iv) ) a = 4 �, 
� (2) b�

X2 − 17Y 4 = −16. (35)

c# [10] p, 
� (35) *GAB�� (X,Y ) = (1, 1) � (103, 5).

(v) ) a ≥ 5 �, H� (Xj , Yj) (j = 1, 2, 3) �
� (2) � 3 H���AB��, Bd

Y 2
j = T2kj ± (a− 3)U2kj , kj > 1.

cQR 10 p, YÆ 2 H���AB��, 3j!lk, 5� (X1, Y1), (X2, Y2), Y2 > Y1,  I
η1

η2
= ±1, � Y 2

1 = T2k ± (a− 3)U2k, k > 1. �I[np, Krsv
� (2) E�G 2 H���A
B��Bd k > 1.

c Y1(w) = F (− 5
4 ,−1, 34 , w) = 1+ 5w

3 , X1(w) = wY1(w
−1) = w+ 5

3 , Δ4,1 = 3	� N4,1 = 8

p
B4,1 = 4X1 ±

√
6a− 8i, A4,1 = 4X1 ∓

√
6a− 8i.

@ q = u + v
√
6a− 8i = (x1−y1

√
6a−8i)(x2+y2

√
6a−8i)

2 , p = u − v
√
6a− 8i, �^ C1 = 1, f =

0.501
√
6a−8

X1
, K |qf | > 1. �6 r0 �Bd

w1−r0
2 ≤ |qf | < w−r0

2

�AB�. OP�ew��`S.

xy 1 r0 = 1 � ζ−1
1 qB4,1 �= pA4,1. ]�cQR 1 (ii) p

2
√
6a− 8√

a2 + 1Y 2
2

=

∣∣∣∣w −
(
p

q

)4∣∣∣∣ > 3.91

∣∣∣∣w 1
4 − ζ1

p

q

∣∣∣∣
>

3.91× (1− 0.8)

0.9w1

√
g1g2Y1Y2

>
3.91× 0.2

0.9× 2e0.99 × 2.1X1

√
g1g2Y1Y2

>
0.07687

X1

√
g1g2Y1Y2

.

G]

Y 3
2 <

1354(3a− 4)g1g2
a2 + 1

Y1X
2
1 < 1354(3a− 4)g1g2Y

5
1 .

cQR 10 p
Y 3
2 >

(
4

18
Y 3
1

)3

=
8

729
Y 9
1 ,
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>

Y 4
1 < 123383.25(3a− 4)g1g2 < 2220898.5a2,

wt Y 2
1 < 1491a. �) a ≥ 8 �, oQR 11 np. t) 5 ≤ a ≤ 7 �, aÆ�l!�`S.

xy 2 r0 = 1, ηqB4,1 = pA4,1 	� η ∈ {±1,±i}. ]�
η(4X1 ±

√
6a− 8i)(x1 − y1

√
6a− 8i)(x2 + y2

√
6a− 8i)

= (4X1 ∓
√
6a− 8i)(x1 + y1

√
6a− 8i)(x2 − y2

√
6a− 8i).

@ gcd(X1, 6a− 8) = l, c gcd(X1, Y1) = 1 p l | (a2 +1), > l | 6(a2 +1)− a(6a− 8) = 8a+6, w

t l | 3(8a+ 6)− 4(6a− 8) = 50. G] gcd(4X1 ±
√
6a− 8i, 4X1 ∓

√
6a− 8i) | 400. xtc

g21(4X1 ±
√
6a− 8i± 3

√
6a− 8i) = (a− 3 +

√
6a− 8i)(x1 + y1

√
6a− 8i)4

p
gcd(4X1 ±

√
6a− 8i, x1 + y1

√
6a− 8i) | 12, 3 � gcd(4X1 ±

√
6a− 8i, x1 + y1

√
6a− 8i).

C$G
(16X2

1 + 6a− 8) | 4.8× 105(x2
2 + (6a− 8)y22)

	�

gcd(4X1 ∓
√
6a− 8i, x1 − y1

√
6a− 8i) | 12, 3 � gcd(4X1 ∓

√
6a− 8i, x1 − y1

√
6a− 8i). (36)

c gcd(x1 + y1
√
6a− 8i, x1 − y1

√
6a− 8i) =

√
2g1 � (36) Np

(x2
1 + (6a− 8)y21) | 2400g1(x2

2 + (6a− 8)y22). (37)

tc
g21(4X1 ±

√
6a− 8i∓ 5

√
6a− 8i) = (a− 3−√

6a− 8i)(x1 − y1
√
6a− 8i)4

p
gcd(4X1 ±

√
6a− 8i, x1 − y1

√
6a− 8i) | 20, 5 � gcd(4X1 ±

√
6a− 8i, x1 − y1

√
6a− 8i). (38)

�k (36)–(38) N, OPG
(16X2

1 + 6a− 8)(x2
1 + (6a− 8)y21) | 2.4× 106g1(x

2
2 + (6a− 8)y22). (39)

G]c (39) N�QR 11 ^I

2.4× 106g1g2Y2 ≥ (16X2
1 + 6a− 8)g1Y1 > 15.9(a2 + 1)g1Y

5
1 . (40)

hcQR 1 (iii) p
2
√
6a− 8√

a2 + 1Y 2
2

> 3.91

∣∣∣∣w 1
4 − ζ1

p

q

∣∣∣∣ > 3.91× 0.999613

0.9w2
1

√
g1g2Y1Y2

>
3.91× 0.999613

0.9(2e0.99 × 2.1X1)2
√
g1g2Y1Y2

.
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C$
Y 3
2 <

6926(3a− 4)g1g2
a2 + 1

Y1X
4
1 < 6926(3a− 4)g1g2(a

2 + 1)Y 9
1 . (41)

c g1g2 < 6a− 8, ��k (40)–(41) NI

Y 2
1 < 18470334a−

1
6 ,

�) a ≥ 73 �, oQR 11 np. t) 5 ≤ a ≤ 72 �, aÆ�l!�`S.

xy 3 r0 > 1. c r0 ��6p, w2|qf | ≥ 1, >

e2.37(6a− 8)
√
g1g2Y1Y2

2(
√
X2

1 + 6a− 8 +X1)
· 0.501

√
6a− 8

X1
≥ 1. (42)

c X2
1 = (a2 + 1)Y 4

1 + 8− 6a > 0.99999991(a2 + 1)Y 4
1 � (42) Np

Y2 >
(a2 + 1)2

14.4(3a− 4)3g1g2
Y 7
1 . (43)

_`QR 12, �k (43) N� g1g2 < 6a− 8, ^I

Y 2
1 < 154080a2. (44)

� k ≥ 4, Kc a ≥ 5 p Y 2 > 1244800a2, o (44) Nnp, C$ k = 2 4 3.

� k = 3, 5 ≤ a ≤ 11,K^�Vt[: T6−(a−3)U6 = 23 ·107 ·131, 23 ·34283, 167·10093, 769·
4241, 19 ·283 ·1087, 743 ·13267, 101 ·156679; T6+(a−3)U6 = 19 ·47 ·827, 11 ·211199, 6076267, 223 ·
62383, 28800199, 379 · 145399, 98965219. uPy+

�, > a ≥ 12. ]� Y 2 > 169356a2, vo
(44) Nnp, C$ k = 2.

� k = 2, 5 ≤ a ≤ 6420, Kc Maple 9.5 zt^p T4 ± (a− 3)U4 y+

�, > a ≥ 6421.

]� Y 2 > 154100a2, 1o (44) Nnp.

E�, OPw�`S k = 1 ���.

H� (X,Y ) �= (a − 3, 1) �
� (2) �!H���AB��Bd Y 2 = T2 ± (a − 3)U2, K
Y 2 = 2a2 + 1± (a− 3) · 2a, >G Y 2 = 4a2 − 6a+ 1 � Y 2 = 6a+ 1. xN3^ybj, �N
z

� X � X = 6a2 + a+ 3. �RID.

z {3#J�
1.^	D�: {|{
� X2 − (a2 + 1)Y 4 = k2 − 1− 2ka Æ!�|}
fE�FG 2 H���AB��. }C~~, a�#�D.
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On the Diophantine Equation X2 − (a2 + 1)Y 4 = 8 − 6a

GUAN Xungui

(Taizhou University, Taizhou, Jiangsu, 225300, P. R. China)

Abstract: Let a be a positive integer. In this paper, we prove that if a = 1, then the
equation X2 − (a2 + 1)Y 4 = 8 − 6a has only one positive integer solution (X,Y ) = (2, 1); if
a = 2, then the equation has only one positive integer solution (X,Y ) = (1, 1); if a = 3, then
the equation has no positive integer solution (X,Y ); if a = 4, then the equation has only two
coprime positive integer solutions (X,Y ) = (1, 1), (103, 5); if a ≥ 5 and 6a + 1 is a nonsquare
positive integer, then the equation has at most three coprime positive integer solutions (X,Y );
if a ≥ 5 and 6a + 1 is a square, then the equation has at most four coprime positive integer
solutions (X,Y ).

Keywords: quartic equations; imaginary quadratic fields; Diophantine approximations;
number of positive integer solutions; upper bound
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